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$I^{s}(p||q):=- \log(\int_{\Omega}(\frac{\partial p}{\partial r}(\omega))^{s}(\frac{\partial q}{\partial r}(\omega))-r(d\omega)1s)$ .
, $p,$ $q$ $\Omega$ $p,$ $q$ $\Omega$ . ,
$r$ . , 8 $0<s<1$
.
, $\Omega$ $S:=\{p_{\theta}|\theta\in\ominus\subset \mathbb{R}\}$ $P\theta$ $n$
$\omega_{1},$ $\cdots,$ $\omega_{m}$






1 $p,$ $q$ $\Omega_{1}$ .
$I^{s}(p^{n}||q^{n})=nI^{s}(p||q)$ .
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, $p^{n}$ $P$ $n$ – . $f$ $\Omega_{1}$ $\Omega_{2}$ .
.
$I^{s}(p||q)\geq I^{S}(p\circ f-1||q\mathrm{o}f-1)$ .
$D(p||q):= \int_{\Omega^{-\mathrm{l}}}\mathrm{o}\mathrm{g}\frac{\partial q}{\partial p}(\omega)p(d\omega)$ .
$D(p||q)= \lim_{sarrow 1}\frac{1}{s(1-S)}I^{S}(p||q)=sarrow\lim_{0}\frac{1}{s(1-S)}$Is $(q||p)$ . (1)
$S$ 2 .
(A 1) $\theta,$ $\theta’\in\ominus$ $P\theta’$ $\grave{P}\theta$ , .
$\lim_{\epsilonarrow 0}\frac{1}{\epsilon^{2}s(1-s)}Is(p\theta||p\theta+\epsilon)=\lim_{\epsilonarrow 0}\frac{1}{\epsilon^{2}}D(p\theta||p_{\theta+}\epsilon)=\lim\epsilonarrow 0\frac{1}{\epsilon^{2}}D(p_{\theta\epsilon}+||p_{\theta})=\frac{1}{2}J_{\theta}$ . (2)
(A 2) $\theta\in\ominus$ .
$\lim_{\epsilonarrow 0}\frac{1}{\epsilon^{2}s(1-s)}$ Is $(p \theta||p\theta+\epsilon)=\frac{1}{2}J_{\theta}$ . (3)
, Fisher $J_{\theta}$ .
$J_{\theta_{0}}:= \int_{\Omega}(\frac{\partial\log\frac{\partial p_{\theta}}{\partial p_{\theta_{0}}}(\omega)}{\partial\theta})^{2}p_{\theta_{0}}(d\omega)$ .
$F$ $\mathbb{R}$ $F_{\epsilon}([x, y])=F([x+\epsilon, y+\epsilon])$ .
$S_{p}:=\{F_{\theta}|\theta\in \mathbb{R}\}$ . $I^{s}(F_{\theta}||F_{\theta+\epsilon})$ $\epsilonarrow 0$ . $P$
$\mathbb{R}$ $f$ . $(a, b)$
. $(a, b)$ , $f$
. $(a, b)$ $f(x)$ 3 .
(A 3) $\lim_{xarrow a+0}f(x)=\lim_{0xarrow b-}f(x)=0$ $\lim_{xarrow a+0}f’(X)=\lim_{0xarrow b-}f’(x)=0$ .
(A 4) $f(x),$ $1/f(x)$ $f’(x)$ $(a, b)$ .
(A 5) $\delta>0$ . $f(x)$ $1/f(x)$ $(a+\delta, b-\delta)$
.
$f(x)=A_{1}(x-a)^{\gamma 1}-1$ , $a<\forall x<a+\delta$
$f(x)=A_{2}(b-X)^{\gamma 2^{-}}1$ , $b-\delta<\forall x<b$ .





$\int_{a}^{b-\epsilon}f^{1}-s(_{X})fS(x+\epsilon)dx\cong 2\epsilonarrow 01-(sf(a)+(1-S)f(b))\epsilon-(Sf^{;}(a)-(1-S)f’(b))\frac{\epsilon^{2}}{2}-\frac{s(1-s)}{2}Jf\epsilon^{2}$ (6)
$\int_{a+\epsilon}^{b}f^{1s}-(x)f^{s}(x-\epsilon)dx\cong_{\epsilon^{2}}arrow 01-(sf(a)+(1-S)f(b))\epsilon-(_{Sf(a}’)-(1-S)f’(b))\frac{\epsilon^{2}}{2}-\frac{s(1-s)}{2}J\epsilon^{2}\hat{J}$. (7)
, (A 3) (A 4) Fisher $J_{f}$ .
$J_{f}:= \int_{a}^{b}\frac{f’(x)^{2}}{f(x)}dx$.
(A 5) .
$\int_{a}^{b-\epsilon}f^{1}-S(X)f^{s}(x+\epsilon)dx\cong_{\epsilon}2arrow 01-\frac{s(1-s)}{2}J_{f}\epsilon^{2}+A_{1}C(\gamma_{1}, s, \epsilon)+A_{2}C(\gamma_{2},1-S, \epsilon)$ (8)
$\int_{a+\epsilon}^{b}f^{1}-s(X)fS(x-\epsilon)dX\cong_{\epsilon^{2}arrow 0}1-\frac{s(1-s)}{2}J_{f}\epsilon^{2}+A_{1}C(\gamma_{1}, s, \epsilon)+A_{2}C(\gamma_{2},1-S, \epsilon)$. (9)
$B(, )$ = $-$ , $\cong_{\epsilon^{2}arrow 0}$ (( )–( $)$ ) $/\epsilon^{2}$ \sim – $0$
. $C(\gamma, s, \epsilon)$ Fisher $J_{f}$ .
$C( \gamma, s, \epsilon):=|_{0}^{s\epsilon}B(\gamma+S\gamma s,1-\gamma)\frac{s(\gamma-1)}{\gamma}\epsilon)\frac{B(s(1-S)\gamma+}{2}\epsilon^{2}s1^{-}-\gamma s,2-\frac{s(1-s(\gamma}{-5)+\frac{s(1-S)-1))_{\epsilon}}{2}\gamma}\mathrm{o}\mathrm{g}\epsilon+(\frac{s(3s\gamma)}{4}\gamma\gamma(E_{u}+\psi(2-S))\epsilon^{2}$
$\gamma=1\gamma=2\gamma>20<\gamma 1<\gamma<2<1$ (10)





$E_{u}$ Euler $\psi(x)$ $(\Gamma’(x)/\Gamma(x))$ . Fisher $J_{f}$ $\delta>0$
$\gamma_{1},$ $\gamma_{2}>2$ (A 2) – .
(8) (9) $0<\gamma_{1}=\gamma_{2}\leq 2$ . Fisher
$J_{j}$ . $\gamma_{1}=\gamma_{2}=1$ Fisher $J_{f}$ , (11)
Fisher $J_{f}$ .
$\gamma_{1}=\gamma_{2}$ 1 , , .
(A 3) (4) 2 (19) (20) . (4) $s\ovalbox{\tt\small REJECT}arrow(1-s),$ $Xrightarrow-X$
(5) . (A 4) (6) 2 (21) (22) . (6) $srightarrow(1-s),$ $Xrightarrow-X$
(7) . (A.5) (8) 2 , (9) (8)
(A 3) ,
$I^{s}(F_{\theta}||F_{\theta}+ \epsilon)\cong_{\epsilon^{2}arrow 0}\frac{s(1-S)}{2}J_{f}\epsilon^{2}$ . (13)
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(A 4) .
$I^{s}(F_{\theta}||F \theta+\epsilon)\cong_{\epsilon^{2}arrow 0}(sf(a)+(1-s)f(b))|\epsilon|+((sf’(a)-(1-s)f’(b)+s(1-s)Jf+(Sf(a)+(1-S)f(b))^{2})\frac{\epsilon^{2}}{2}$ .
(14)
(13) $\mathrm{A}\mathrm{k}\mathrm{a}\mathrm{h}\mathrm{i}\mathrm{r}\mathrm{a}[1]$ , (14) $\mathrm{A}\mathrm{k}\mathrm{a}\mathrm{h}\mathrm{i}\mathrm{r}\mathrm{a}[1]$ .
(A 5) . $0<\gamma_{1}=\gamma_{2}<1$ .
$\lim_{\epsilonarrow 0}\frac{1}{|\epsilon|\gamma_{1}}\tau^{s}(F\theta||F_{\theta}+\epsilon)=\frac{1-\gamma_{1}}{\gamma_{1}}(A_{1^{S}}B(s+\gamma_{1}(1-s), 1-\gamma 1)+A_{2}(1-s)B(1-S+\gamma 1^{\mathit{8}},1-\gamma_{1}))$. (15)
$\gamma_{1}=\gamma_{2}=1$ .
$\lim_{\epsilonarrow 0}\frac{1}{|\epsilon|}I^{s}(F_{\theta}||F_{\theta}+\epsilon)=A_{1}s+A_{2}(1-S)$ . (16)
1 $<\gamma_{1}=\gamma_{2}<2$ .
$\lim_{\epsilonarrow 0}\frac{1}{|\epsilon|\gamma_{1}}I^{s}(F_{\theta}||F\theta+\epsilon)$
$= \frac{A_{1}s(1-S(\gamma 1-1))B(_{S}+\gamma_{1}(1-s),2-\gamma 1)+A_{2}(1-S)(1-(1-S)(\gamma 1-1))B(1-S+\gamma 1S,2-\gamma 1)}{\gamma_{1}}$ . (17)
$\gamma_{1}=\gamma_{2}=2$ .
$\lim_{\epsilonarrow 0}\frac{\mathrm{l}}{-\epsilon^{2}\log|\epsilon|}I^{s}(F_{\theta}||F_{\theta}+\epsilon)=\frac{(A_{1}+A_{2})S(1-S)}{2}$. (18)
$\gamma_{1}<\gamma_{2}$ $A_{2}=0$ . (15-18)
$0<s<1$ – .
2 $(a, b)$ $c$
$\tilde{I}_{s}^{-}(c, f, \epsilon):=\int_{a}^{c}f^{1}-s(x)fs(x+\epsilon)dx$ , $\tilde{I}_{s}^{+}(c, f, \epsilon):=\int_{c}^{b-}\epsilon f^{1-s}(X)f^{s}(x+\epsilon)dx$
,
$I_{S^{-(c,f,\epsilon)}}:=\tilde{I}_{s}^{-(_{C}},$ $f,$ $\epsilon)-\int_{a}^{C}f(x)dx-f(_{C})S\epsilon-\frac{s}{2}f’(c)\epsilon^{2}$ ,
$I_{s}^{+}(c, f, \epsilon):=\tilde{I}_{s}^{+}(c, f, \epsilon)-\int_{c}^{b}f(x)dx+f(_{C})s\epsilon+\frac{s}{2}f’(c)\epsilon^{2}$ .
. (A 3) .
$I_{S^{-(c,f,\epsilon)}} \cong_{\epsilon^{2}arrow 0}\frac{s(s-1)}{2}J_{f}^{-}\epsilon^{2}$ (19)
$I_{s}^{+}(C, f, \epsilon)\cong_{\epsilon^{2}arrow 0}\frac{s(s-1)}{2}J_{f}^{+}\epsilon^{2}$ . (20)
(A 4) .
$I_{S^{-(c,f,\epsilon)}} \cong_{\epsilon^{2}arrow 0}-f(a)S\epsilon+(\frac{s(s-1)}{2}J_{f}^{-}-\frac{s}{2}f’(a))\epsilon^{2}$ (21)
$I_{s}^{+}(C, f, \epsilon)\cong_{\epsilon^{2}arrow 0}-f(b)(1-S)\epsilon+(\frac{s(s-1)}{2}J^{+}+\frac{1-s}{2}ff’(b))\epsilon 2$ . (22)
82
(A 3) (A 4) $J_{\hat{J}^{-}},$ $J_{j}^{+}$ .
$J_{f,c}^{-}:= \int_{a}^{C}f^{-1}(x)(f’(X))^{2}dx$ , $J_{j,c}^{+}:= \int_{c}^{b}f^{-1}(x)(f’(x))^{2}dX$.
(A 5) .
$I_{S^{-(c,f,\epsilon)}} \cong_{\epsilon^{2}arrow 0}A_{1}C(\gamma_{1}, S, \epsilon)-\frac{s(1-s)}{2}J_{fc}^{-2},\epsilon$ (23)
$I_{s}^{+}(C, f, \epsilon)\cong_{\epsilon^{2}arrow 02}AC(\gamma_{2},1-S, \epsilon)-\frac{s(1-s)}{2}J_{f}+,c\epsilon^{2}$ . (24)
$J_{f^{\text{ }}f,\text{ }^{}-},\text{ }J^{+}\text{ }$ .
$J_{f}^{-}$, : $= \int_{a+\delta}^{c}f^{-}1(x)(f’(X))2dX+A_{1}D(\gamma_{1}, \delta)$ , $J_{f,c}^{+}$ $:= \int_{\text{ }^{}b-\delta}f^{-1}(x)(f’(x))2dX+A_{2}D(\gamma_{2}, \delta)$ .
22
. $P$ , $q$ $T:=\{T_{n}\}$ ($n$
– )
$\beta$ ($p$ , Tn): $\mathrm{P}$ $\mathrm{q}$ .
$\beta$ ( $q$ , Tn): $\mathrm{q}$ $\mathrm{P}$ .
.
$\beta(p, T_{n})+\exp(-nr)\beta(q, \tau_{n})$ .
3 $I^{s}(q||p)$ , $\sup_{0<S<1}-rs+I^{s}(p||q)>0$ . $C:=\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}(p)\mathrm{n}\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{P}(q)$ $p,$ $q$
. , .
$- \lim_{narrow\infty}\frac{1}{n}\log$ $(\beta(p, \tau_{n})+\exp(-nr)\beta(q, \tau \mathrm{h}))$ $\leq\sup_{0<s<1}rs+I^{S}(q||p)$ . (25)
$P$
$\{\vec{\omega}=(\omega_{1}, \ldots, \omega_{n})\in C^{n}|\frac{1}{n}\sum^{n}i=1(\log p(\omega_{i}) -\log q(\omega_{i}))\succ-r\}\cup \mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}(p)^{n}\backslash C^{n}$
$T(r):=\{T(r)_{n}^{-1}(p)\}$ (25) . .
$- \lim_{narrow\infty}\frac{1}{n}\log(\beta(p, T(r)_{n}))=\sup_{0<s<1}rs+I^{S}(q||p)$ if $r \leq\frac{1}{q(C)}\int_{C}\log\frac{\partial q}{\partial p}(\omega)q(d\omega)$ (26)
$- \lim_{narrow\infty}\frac{1}{n}\log(\beta(q, T(r)n))=0<S<\sup_{1}rs+I^{s}(q||p)-r$ if $\frac{1}{p(C)}\int_{C}\log\frac{\partial q}{\partial p}(\omega)p(d\omega)\leq r$ . (27)
(25) $T(r)$ .
$\frac{1}{p(C)}\int_{C}\log^{\frac{\partial q}{\partial p}(}\omega)_{P()}d\omega\leq\frac{1}{q(C)}\int_{C}\log\frac{\partial q}{\partial p}(\omega)q(d\omega)$ (26) $(27)$ (25) . $r$
– (26) $rarrow 1-r,$ $sarrow 1-s,parrow q,$ $qarrow p$ (27)
. (26) . Chernoff (Bahadur [5]) .
$\lim_{narrow\infty}\frac{1}{n}\log\beta(p, \tau(r)_{n})=\lim_{narrow\infty}\frac{1}{n}\log p(\log\frac{\partial q}{\partial p}(\vec{\omega}n)\geq nr|\vec{\omega}\in cn)+\log p(C)$
$=- \sup_{0\leq S}(sr-\log(\frac{1}{p(C)}\int_{C}\exp(s\log\frac{\partial q}{\partial p}(\omega))p(d\omega)))+\log p(c)$
$=- \sup_{0\leq S}(sr-\log\int_{C}\exp(s\log\frac{\partial q}{\partial p}(\omega))p(d\omega))$ .
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$\psi_{r}(s):=sr-\log\int_{c^{\exp}}(s\log\frac{\partial q}{\partial p}(\omega))P(d\omega)$ $\phi_{r}(t)$ { ( ) . (26)
$\psi_{r}’(1)\leq 0$
$- \lim_{narrow\infty}\frac{1}{n}\log\beta(p, \tau(r)_{n})=\sup\phi 0\leq s\leq 1r(s)=\sup_{s0\leq\leq 1}rs+I^{S}(q||p)$ .
(26) .
3 – .
4 $p_{n},$ $q_{n}$ $\Omega_{n}$ , $C_{n}:=\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(p_{n})\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(q_{n})$ $p_{n},$ $q_{n}$
. $L_{n}$ . ,0 $<s$ $<1$ $I^{s}(p\gamma|\vec{q})$ $:=$
$\lim_{narrow\infty}\frac{1}{L_{n}}Is(p_{n}||q_{n})$ $s$ . 22 $\lim_{n}\frac{1}{L_{n}p_{n}(c_{n})}\int_{C_{n}}\log\frac{\partial q_{n}}{\partial p_{n}}(\omega)_{P}n(d\omega)$ ,
$\lim_{narrow\infty}\frac{1}{L_{n}q_{n}(\text{ _{}n})}\int_{C_{n}}\log\frac{\partial q_{n}}{\partial p_{n}}(\omega)qn(d\omega)$ . .
$- \lim_{narrow\infty}\log(\beta(p_{n’ n}T)+\exp(-L_{n}r)\beta(q_{n}, \tau_{n}))\leq\sup_{0<S<1}rs+I^{s}(q\neg|\vec{p})$ . (28)
$p_{n}$ $\{\omega\in C_{n}|\log pn(\omega)-\log qn(\omega)>-L_{n}r\}\cup \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}(p_{n})\backslash C_{n}$ $T(r)_{n}$
.
$- \lim_{narrow\infty}\frac{1}{L_{n}}\log\beta(pn’ T(r)n)=\sup_{S0<<1}$ rs+Is( $|\vec{p}$) if $r \leq\lim_{narrow\infty}\frac{1}{L_{n}q_{n}(c_{n})}\int_{C_{n}}\log\frac{\partial q_{n}}{\partial p_{n}}(\omega)q_{n}(d\omega)$ (29)
$- \lim_{narrow\infty}\frac{1}{L_{n}}\log\beta(qn’ T(r)n)=\sup_{0<s<1}r(S-1)+I^{s}(q\neg|p)\neg$ iif $r \geq\lim_{n}\frac{1}{L_{n}p_{n}(c_{n})}\int_{C_{n}}\log\frac{\partial q_{n}}{\partial p_{n}}(\omega)p_{n}(d\omega)$ . (30)
$\lim_{n}\frac{1}{L_{n}p_{n}(c_{n})}\int_{C_{n}}\log\frac{\partial q_{n}}{\partial p_{n}}(\omega)_{P}n(d\omega)\leq 0\leq\lim_{n}\frac{1}{L_{n}q_{n}(c_{n})}\int_{C_{n}}\log\frac{\partial q_{n}}{\partial p_{n}}(\omega)q_{n}(d\omega)$ , 3
(29) .
$\lim_{narrow\infty}\frac{1}{L_{n}}\log \mathrm{E}_{pn}(\frac{\partial q_{n}}{\partial p_{n}}|sc_{n)}=-I^{s}(\beta|D+\lim_{narrow\infty}\frac{1}{L_{n}}\log pn(C_{n})$
. $\mathrm{E}_{p_{n}}(X|C_{n})$ $p_{n}$ $X$ $\omega\in C_{n}$ .
$\sup_{0<S}<1r(s-1)+I^{s}(p\neg|$ $(0,1)$ $\sup$ , $r-+ \sup_{0<S<1}r(s-1)+I^{s}(p\neg|\vec{q})$
. (29) $r$ , G\"artner-Ellis ( 5)
$\lim_{narrow\infty}\frac{1}{L_{n}}\log p_{n}(\log\frac{\partial q_{n}}{\partial p_{n}}\geq L_{n}r|\omega\in C_{n})=\sup_{0<S<1}(sr-\lim_{narrow\infty}\frac{1}{L_{n}}\log \mathrm{E}pn(\frac{\partial q_{n}}{\partial p_{n}}S|C_{n}))$
. .






5 $X_{n}$ $\mathbb{R}$ $p_{n}$ , $\{L_{n}\}$ .
$(a, b)$ .
1
$\phi(s):=$ Jim – $\log \mathrm{E}_{p_{n}}(e^{sX_{n}})$ . (31)
$narrow\infty L_{n}$
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$\Gamma\subset \mathbb{R}$ , .
1
$\lim_{narrow}\sup_{\infty}\overline{L_{n}}\log pn\{xn\in \mathrm{r}\}\leq-\mathrm{i}\mathrm{n}_{\frac{\mathrm{f}}{\Gamma}}I(R\in R)$ . (32)
$\overline{\Gamma}$
$\Gamma$ . $R\in \mathbb{R}$ $I(R)$ . , $\phi$
$(a, b)$ $I(R)$ .
$I(R)$ $:=$ $\sup(sR-\emptyset(s))$ . (33)
$s\in(a,b)$




$\inf_{R\in},$ $I(R) \leq\lim_{narrow}\inf_{\infty}$ $\overline{L_{n}}\log p_{n}\{X_{n}\in\Lambda’\}$ . (34)







, ( ) ( ) 2
, – trade-off .
, , $\epsilon>0$ $\beta^{+}(T, \theta, a),$ $\beta^{-}(T, \theta, a)$ .
$\beta^{+}(\tau, \theta, a).---\lim\inf\log\underline{1}p_{\theta}^{n}(T_{n}\geq a)$ , $\beta^{-}(T, \theta, a):=-\lim\inf\log\underline{1}p_{\theta}^{n}(T_{n}\leq a)$ .
$narrow\infty n$ $narrow\infty n$
$\beta(T, \theta, \epsilon)$ $\beta(T, \theta, \epsilon):=\min\{\beta^{+}(T, \theta, \theta+\epsilon), \beta^{-}(T, \theta, \theta-\epsilon)\}$ . ,\beta +(T, $\theta,$ $a$ ) $a$
, $\beta^{-}(T, \theta, a)$ $a$ .
$g(x)$ $xarrow \mathrm{O}$ $0$ .
$\alpha^{+}(g, T, \theta):=\lim_{\epsilonarrow+0}\frac{\beta^{+}(T,\theta,\theta+\epsilon)}{g(\epsilon)}$ , $\alpha^{-}(_{\mathit{9}}, \tau, \theta):=\lim_{\epsilonarrow+0}\frac{\beta^{-}(T,\theta,\theta-\epsilon)}{g(\epsilon)}$ , $\alpha(_{\mathit{9}}, T, \theta):=\lim_{\epsilonarrow+0}\frac{\beta(T,\theta,\epsilon)}{g(\epsilon)}$ . (35)
2 $\theta_{0}$ $\theta$ – $T$ $\theta_{0}$ $g$- $\mathrm{L}\mathrm{D}$
. - , $\theta_{0}$ $g$- $\mathrm{L}\mathrm{D}$ $T$ (36)
$T$ $\theta_{0}$ $g$- $\mathrm{L}\mathrm{D}$ . $g$- ( )LD $g$- (
)LD .
$\alpha^{+}(g, T, \theta 0)=\lim_{\thetaarrow\theta_{0}}\alpha^{+}(g, T, \theta)$ , $\alpha^{-}(g,$ $T,$ $\theta_{0)}=\lim_{\thetaarrow\theta 0}\alpha-(g, \tau, \theta)$ . (36)
$\alpha^{+}(g, T, \theta_{0})$ $\mathrm{L}\mathrm{D}$ \S 3.4 .
trade off $\alpha^{+}(g, T, \theta)$ $\alpha^{-}(g, T, \theta))$ $\mathcal{L}(g, \theta)$
.
$\mathcal{L}(g, \theta):=$ { $(\alpha^{+}(g,$ $T,$ $\theta),$ $\alpha^{-}(g,$ $T,$ $\theta))|T$ :\theta g-LD }.
$\mathcal{L}(g, \theta)$ .
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2 (A 2) $g(x)=x^{2}$ ( (A 3)











(A 5) $\gamma_{1}=\gamma_{2}=2$ $\mathcal{L}(g, \theta)$ fig. 3 .
$g(x)=-x^{2}\log|x|$ .
$|$
2 . $\beta^{+}(T, \theta, a),$ $\beta^{-}(T, \theta, a)$ $\overline{\beta}(T, \theta, a),\overline{\beta}(T, \theta, a)$
.
$\overline{\beta}(T, \theta, a):=\lim_{\epsilonarrow+0}\beta^{+}(\tau, \theta, a+\epsilon)$ , $\overline{\beta}(T, \theta, a):=\lim_{\epsilonarrow-0}\beta^{-}(T, \theta, a+\epsilon)$ .
$(T, \theta, a),$ $\overline{\beta}-(T, \theta, a)$ .
6 $\theta’>\theta,$ $0<s<1$ ,
$\beta^{+}(T, \theta, \theta)=\beta^{-}(T, \theta^{;}, \theta l)=0$ ,
.
inf $s\overline{\beta}^{+}(T, \theta, \theta^{\prime;})+(1 - s)\overline{\beta}^{-}(T, \theta’, \theta\prime l)\leq I^{s}(p_{\theta}||p_{\theta’})$ . (37)
$\{\theta’’|\theta’\geq\theta\prime\prime\geq\theta\}$
$m$ , $[\theta, \theta’]$ $m$ $i=0,$ $\ldots,$ $m$ , $\theta_{i}:=\theta+\frac{\theta’-\theta}{m}i$ .
$\epsilon>0$ $N$ .






$\leq\log(+\exp(-ns(\beta^{+}(T, \theta, \theta l)-\epsilon))+\exp(-n(1-s)(\beta^{-}(\tau, \theta^{;}, \theta)-\epsilon))$
$+ \sum_{i=1}^{m}\exp(-n(S\beta+(T, \theta, \theta_{i1}-)+(1-S)\beta-(\tau, \theta’, \theta_{i})-\epsilon)))$
$\leq\log((m+2)$ $\exp(-n(\min_{1\leq i\leq m}S\beta^{+}(\tau, \theta, \theta_{i-1})+(1-S)\beta-(\tau, \theta^{;}, \theta i)-\epsilon)))$
$=( \log(m+2)-n(\min_{1\leq i\leq m}s\beta^{+}(\tau, \theta, \theta i-1)+(1-S)\beta-(T, \theta’, \theta i)-\epsilon))$ .
$n$ $narrow\infty$ ,
$I^{s}(p_{\theta}||p_{\theta’}) \geq(_{1\leq i\leq}\min_{m}S\beta^{+}(T, \theta, \theta_{i}-1)+(1-S)\beta-(\tau, \theta l, \theta i)-\epsilon)$
$\epsilon>0$ ,
$I^{s}(p_{\theta}||p_{\theta’}) \geq\min_{1\leq i\leq m}s\beta^{+}(T, \theta, \theta_{i}-1)+(1-S)\beta-(T, \theta’, \theta_{i})$
$marrow\infty$ (37) . $\Lambda$
2 $t(T):= \lim_{\epsilonarrow+0}\frac{\beta^{-}(T,\theta,\theta+\epsilon)}{\beta^{+}(T,\theta,\theta-\epsilon)}$ , .
7 $t(T)=t$ , $T$ $\theta$ g-LD . .
$\lim_{\epsilonarrow 0}\frac{I^{s}(p\theta||p\theta+\epsilon)}{g(\epsilon)}$




$= \inf_{\}\{s|0<s<1}\lim_{\epsilonarrow 0\{\eta 1}\sup_{0\leq\eta\leq 1\}}\frac{I^{s}(p_{\theta}||p_{\theta}+\epsilon)}{sg(\eta\epsilon)+(1-S)tg((1-\eta)\epsilon)}$ .
$g$ (38) .
$\alpha^{+}(g, T, \theta)\leq\inf_{0<S<1}\frac{1}{\min\{s,(1-s)t\}}\{s|\}\epsilonarrow\lim_{0}\frac{I^{s}(p\theta||p\theta+\epsilon)}{g(\epsilon)}$ . (39)
6 , .
$\frac{1}{g(\epsilon)}\inf_{\eta\{\eta|0\leq\leq 1\}}s\overline{\beta}(\tau, \theta, \theta+\eta\epsilon)+(1-S)t\overline{\beta}^{-}(\tau, \theta+\epsilon, \theta+\eta\epsilon)\leq\frac{I^{s}(p_{\theta}||p_{\theta}+\epsilon)}{g(\epsilon)}$ . (40)
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, $\alpha^{-}(g, T, \theta)=\lim_{\epsilonarrow+0^{\frac{\overline{\beta}^{-}(T,\theta+\epsilon,\theta+\eta\epsilon)}{g((1-\eta)\epsilon)}}}$ , . (40)
$\epsilonarrow 0$ , .
inf $sg(\eta\epsilon)+(1-s)tg((1-\eta)\epsilon)$









8 (A 2) $g(x)=x^{2}$ (38) .
$\alpha^{+}(_{\mathit{9}}, \tau, \theta)\leq\{$
$\frac{J_{\theta}}{2}$ $t<1$
$- J_{A}2t$ $t\geq 1$ .
(41)
(A 2) $\alpha^{+}(g, T, \theta)$ $\alpha^{-}(g, T, \theta)$ $\mathcal{L}(\theta, g)\subset\{(x, y)|x\leq$
$\underline{J}_{\mathrm{A}}2’ y\leq\frac{J}{2}\mathrm{L}\}$ .
$\alpha^{+}(g, T, \theta)=\alpha^{-}(_{\mathit{9}}, \tau, \theta)=\frac{J_{\theta}}{2}$ (42)
$g(x)=x^{2_{- \mathrm{L}\mathrm{D}}}$ $T$ , trade off
. , (42) $(\mathrm{F}\mathrm{u}[6])$ .
8 (A 2) fig. 1 $\mathcal{L}(\theta, g)$ .
$g(x)=x^{2}$ .
inf $sg(\eta\epsilon)+(1-s)tg((1-\eta)\epsilon)$
$\frac{\{\eta|0\leq\eta\leq 1\}}{g(\epsilon)}=\inf_{\eta\{\eta|0\leq\leq 1\}}s\eta+$$(21 - s)b(1-\eta)^{2}$
$= \inf_{1\{\eta|0\leq\eta\leq\}}(S+(1-s)t)(\eta-\frac{(1-s)t}{s+(1-s)t})^{2}+\frac{s(1-S)t}{s+(1-S)t}$
$= \frac{s(1-s)t}{s+(1-s)t}$ .
(A 2) (38) $[]\mathrm{h} \inf_{<\{s|0<S1\}}\frac{J_{\theta}}{2}(\frac{s}{t}+(1-s))$ . (41)
9 (A 5) . , (A 4) $\gamma_{1}=\gamma_{2}=1$
. $0<\gamma_{1}=\gamma_{2}<2$ $g(x)=|x|^{\gamma_{1}}$ . $0<\gamma_{1}=\gamma_{2}<1$ .
$\alpha^{+}(g, T, \theta)\leq\frac{1-\gamma_{1}}{\gamma_{1}}(A_{1}B(\frac{t+\gamma_{1}}{1+t},1-\gamma 1)+A_{2}\frac{1}{t}B(\frac{1+t\gamma_{1}}{1+t},1-\gamma_{1}))$ . (43)
$\gamma_{1}=\gamma_{2}=1$ .




$\leq\inf_{<\{s|0<S1\}}\frac{A_{1}s(1-s(\gamma_{1^{-}}1))B(_{S}+\gamma_{1}(1-s),2-\gamma 1)+A2(1-S)(1-(1-S)(\gamma 1^{-}1))B(1-S+\gamma 1S,2-\gamma 1)}{\gamma_{1\{\eta|\leq\eta}\inf 0\leq 1\}s\eta\gamma 1+(1-S)t(1-\eta)^{\gamma_{1}}}$.
(45)
$\gamma_{1}=\gamma_{2}=2$ $g(x)=-x^{2}\log x$ .
$\alpha^{+}(g, T, \theta)\leq\{$
$\frac{A_{1}+A_{2}}{2}$ $t<1$
$\frac{A_{1}+A_{2}}{2t}$ $t\geq 1$ .
(46)









9 $\gamma_{1}=\gamma_{2}=1$ $g(x)=|x|$ $\mathcal{L}(g, \theta)\subset\{(x, y)\text{ }\leq A_{1}A_{2}/(x-$
$A_{1})+A_{2}\}$ . (A 4) $\mathcal{L}(g, \theta)\subset\{(x, y)|y\leq f(a)f(b)/(x-f(a))+f(b)\}$
, $\mathcal{L}(g, \theta)$ fig. 2 .
$\gamma_{1}=\gamma_{2}=2$ $g(x)=-x^{2}\log|x|$ $\mathcal{L}(g, \theta)\subset\{(x, y)|x\leq\frac{A+A}{2}, y\leq\infty_{2}A+A\geq\}$
, 9 $\mathcal{L}(g, \theta)$ fig. 3 .
$1<\gamma_{1}=\gamma_{2}<2$ (45) 7 (17) . $0<\gamma_{1}=\gamma_{2}\leq 1$ .
$g(x)=$ $\gamma_{1}$ , (39) . $0<\gamma_{1}<1$ .
$h_{1},$ $h_{2}$ .
$h_{1}(s):= \frac{(1-\gamma_{1})(A_{1^{S}}B(s+\gamma_{1}(1-s),1-\gamma 1)+A_{2}(1-S)B(1-S+\gamma 1s,1-\gamma 1))}{\gamma_{1}s}$
$h_{2}(s):= \frac{(1-\gamma_{1})(A_{1}sB(_{S+}\gamma_{1}(1-s),1-\gamma_{1})+A_{2}(1-S)B(1-s+\gamma 1S,1-\gamma 1))}{\gamma_{1}(1-s)t}$ .
$h_{1}( \frac{t}{1+t})=h_{2}(\frac{t}{1+t})$ ((38) ) $= \inf_{S\{s|0<<1\}}\max\{h1(s), h_{2}(S)\}\leq h_{1}(\frac{t}{1+t})=$((43) )
(43) .
$\gamma_{1}=\gamma_{2}=1$ (38) (44) .
$\{s|0<s\mathrm{i}\mathrm{n}\mathrm{f}\max<1\}\{\frac{A_{2}+(A_{1}-A_{2})s}{s},$ $\frac{A_{2}+(A_{1}-A2)S}{(1-S)b}\}=A_{1}+A_{2}\frac{1}{t}$ .
$\gamma_{1}=\gamma_{2}=2$ . (48) (18) (38) 8
(46) .
$\lim_{\epsilonarrow 0}\frac{\inf_{\{\eta|0\leq\eta\leq 1\}}-s(\eta\epsilon)^{2}\log(\eta\epsilon)-(\mathrm{l}-S)t((1-\eta)\epsilon)^{2}\log((1-\eta)\epsilon)}{-\epsilon^{2}\log\epsilon}=\frac{s(1-s)t}{s+(1-s)t}$. (48)
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(48) . $h( \epsilon, \eta):=\frac{-s(\eta\epsilon)^{2}\log(\eta\epsilon)-(1-\mathit{8})t((1-\eta)\epsilon)^{2}\log((1-\eta)\epsilon)}{-\epsilon^{2}\log\epsilon}$ . $h(\epsilon, \eta)$
. $h(\epsilon, \eta)\geq s\eta^{2}+(1-s)(1-\eta)^{2}$ ,
$\epsilonarrow+0\lim_{0}\inf_{<\eta<1}h(\epsilon, \eta)\geq 0<\eta 1\inf_{<}S\eta^{2}+(1-s)(1-\eta)2$ (49)
,lim\epsilon \rightarrow +0 $h(\epsilon, \eta)=s\eta^{2}+(1-s)(1-\eta)2$ ,
$\epsilonarrow+0\lim_{0}\inf_{<\eta<1}h(\epsilon, \eta)\leq\inf_{0<\eta<1\epsilon}\lim_{arrow+0}h(\epsilon, \eta)=\inf_{0<\eta<1}s\eta^{2}+(1-s)(1-\eta)2$ (50)
,
$\epsilonarrow+0\lim_{0}\inf_{<\eta<1}h(\epsilon, \eta)=\inf_{0<\eta<1}s\eta 2+(1-s)(1-\eta)2=\frac{s(1-S)t}{s+(1-s)t}$ (51)
. (46) .
(A 3)\sim (A 5) .
. $\underline{\theta}_{n}:=\min\{\omega_{1}, \ldots, \omega_{n}\}-a$ , $\overline{\theta}_{n}:=\max\{\omega_{1}, \ldots, \omega_{n}\}-b$
$0\leq\lambda\leq 1$ $\check{\theta}(\lambda):=\{\check{\theta}(\lambda)_{n}:=\lambda\underline{\theta}_{n}+(1-\lambda)\overline{\theta}_{n}\}$ .
.
10 $S$ $\mathbb{R}$ $(a, b)$ ( $f$ )
. $0<\lambda<1$ , $\check{\theta}(\lambda)$ .
$\beta^{+}(\check{\theta}(\lambda), \theta, \theta+\epsilon)=-\log(\int_{a}^{b-\frac{\epsilon}{1-\lambda}}f(_{X})dx\mathrm{I}$ (52)
$\beta^{-}(\check{\theta}(\lambda), \theta, \theta-\epsilon)=-\log(\int_{a+\frac{\epsilon}{\lambda}}^{b}f(X)dX\mathrm{I}\cdot$ (53)
10 $0<\gamma_{1}=\gamma_{2}\leq 2$ .
$\lim_{\epsilonarrow+0}\frac{1}{\epsilon^{\gamma_{1}}}\beta^{+}(\check{\theta}(\lambda), \theta, \theta+\epsilon)=A_{1}\frac{1}{\gamma_{1}\lambda^{\gamma_{1}}}$ (54)
$\lim_{\epsilonarrow+0}\frac{1}{\epsilon^{\gamma_{1}}}\beta^{-}(\check{\theta}(\lambda), \theta, \theta-\epsilon)=A_{2}\frac{1}{\gamma_{2}(1-\lambda)^{\gamma_{2}}}$ . (55)
(A 5) $0<\gamma_{1}=\gamma_{2}<2$
. (A 4) ( (A 5) $\gamma_{1}=\gamma_{2}=1$ )
$\lim_{\epsilonarrow+0}\frac{1}{\epsilon}\beta^{+}(\check{\theta}(\lambda), \theta, \theta+\epsilon)=f(a)\frac{1-\lambda}{\lambda}+f(a)$ , $\lim_{\epsilonarrow+0}\frac{1}{\epsilon}\beta^{-}(\check{\theta}(\lambda), \theta, \theta-\epsilon)=f(b)\frac{\lambda}{1-\lambda}+f(b)$
$\lambda$ $(\alpha^{+}, \alpha^{-})$ fig. 2 $\mathcal{L}(g, \theta)$ –
. 2 .
, (A 5) $\gamma_{1}=\gamma_{2}=1$ 9 First order bound
.
10
$\overline{\omega}_{n}:=\max\{\omega_{1}, \ldots, \omega_{n}\},$$\underline{\omega}_{n}arrow:=\min\{\omega_{1}, \ldots, \omega_{n}\}$
.












$p_{\theta}^{n}(T_{n} \leq\theta-\epsilon)=\int_{\theta(\lambda)\leq\epsilon}n(n-1)g(\underline{\omega}\overline{\omega}_{n})nf(\underline{\omega}_{n})f(n’\overline{\omega}_{n})d\underline{\omega}n\mathrm{c}\tau\omega_{n}$ . (56)
$f(\underline{\omega}_{n})f(\overline{\omega}_{n})$ $g(\underline{\omega}_{n},\overline{\omega}_{n})$
$\lim_{narrow\infty}\frac{1}{n}\log p\theta n(T_{n}\leq\theta-\epsilon)=\sup-\log g(\underline{\omega}_{n},\overline{\omega}n)$
$\check{\theta}(\lambda)\leq\epsilon$
$=- \log(\int_{a}^{b-\frac{\epsilon}{1-\lambda}}f(_{X})dx\mathrm{I}$
. (52) (53) . (56) .
$p_{\theta}^{n}(T_{n} \leq\theta-\epsilon)\leq(\int_{a}^{b-\frac{\epsilon}{1-\lambda}}f(x)dx\mathrm{I}^{n}\cdot$ (57)
3 $\beta^{-}(\tau, \theta’, \theta l’),$ $\beta^{+}(\tau, \theta, \theta’’)$ .
11 $\theta,$ $\theta’\in\ominus$ . $\theta>\theta’’>\theta’$ $\theta’’\in\ominus$ . $r\in \mathbb{R}$ .
$\min\{\beta^{-}(T, \theta’, \theta’’)+r, \beta+(\tau, \theta, \theta’’)\}\leq\sup_{0<S<1}rs+I^{s}(p_{\theta’}||p_{\theta})$ . (58)
$P\theta,P\theta’$ 3 .
. 11 $\alpha^{+}$ .
12 (A 5) , $0<\gamma_{1}=\gamma_{2}\leq 2,$ $A_{1}=A_{2},$ $t=1$ . .
$\alpha^{+}(g, T, \theta)\leq\{$
$\frac{2^{\gamma_{1}}(1-\gamma_{1})}{\gamma_{1}}A_{1}B(\frac{1+\gamma_{1}}{2},1-\gamma_{1})$ $0<\gamma_{1}<1$ , $g(x)=|x|^{\gamma_{1}}$
$2A_{1}$ $\gamma_{1}=1$ , $g(x)=|x|$
$\underline{A}_{\frac{2^{\gamma_{1}}}{\gamma_{1}}}(1-\frac{\gamma_{1}-1}{2})B(\frac{1+\gamma_{1}}{2},2-\gamma 1)$ $1<\gamma_{1}<2$ , $g(x)=|x|^{\gamma_{1}}$
$A_{1}$ $\gamma_{1}=2$ , $g(x)=-x^{2}\log|X|$ .
(59)
$0<\gamma_{1}=\gamma_{2}<1$ (47) (59) .
6 .
1 11 $r=0,$ $\theta’’=\theta+\epsilon,$ $\theta’=\theta+2\epsilon$ $\epsilonarrow 0$ (59)
32
, .
$[8, 9]$ . ,
, , – .
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$\tilde{\theta}_{\text{ },\epsilon}=\{\tilde{\theta}_{n,\text{ },\epsilon}\}$ .
$\mathrm{H}\mathrm{u}\mathrm{b}\mathrm{e}\mathrm{r}[10]$ , . $S$ $\mathbb{R}$
, $d_{\epsilon}(x):=f(x+\epsilon)/f(x-\epsilon)$ $-\infty,$ $\infty$ $x$
.
$\tilde{\theta}_{\text{ },\epsilon}$ $c$ $\epsilon>0$ .
$\frac{1}{n}\sum_{i=1}^{n}(\log f(X_{i}+\tilde{\theta}n,c,\epsilon+\epsilon)-\log f(_{X_{i}+}\tilde{\theta}_{n,c,\epsilon}-\epsilon)\mathrm{I}-c=0$. (60)
(60) $\tilde{\theta}_{c,\epsilon}:=\{\tilde{\theta}_{n,\text{ }},\epsilon(x1, \ldots, x_{n})\}$ . ( (60) $0$
) $0$ .
. , $f$ $(a, b)$ . $\underline{\theta}_{n}-\overline{\theta}_{n}>2\epsilon$
(60) $\tilde{\theta}_{n,c,\epsilon}$ $\underline{\theta}_{n}-\epsilon$ $\overline{\theta}_{n}+\epsilon$ $\tilde{\theta}_{c,\epsilon}$ . $\underline{\theta}_{n}-\overline{\theta}_{n}\leq 2\epsilon$
$\tilde{\theta}_{n,c,\epsilon}:=\frac{1}{2}(\underline{\theta}_{n}+\overline{\theta}_{n})$ .
, $\tilde{\theta}_{\text{ },\epsilon}$ shift-invariant . . (
$\mathrm{H}\mathrm{u}\mathrm{b}\mathrm{e}\mathrm{r}[10]\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{S}[11]\mathrm{F}\mathrm{u}[12]$ ) $c=0$
.
13 $d_{\epsilon}(x)$ $-\infty,$ $\infty$ . , $\tilde{\theta}_{c,\epsilon}$
.
$\min\{\beta^{-}(\tilde{\theta}_{c,\epsilon}, \theta, \theta-\epsilon)+C, \beta+(\tilde{\theta}_{c,\epsilon}, \theta, \theta+\epsilon)\}=\sup_{0<s<1}Cs+Is(F_{\theta+2\epsilon}||F_{\theta})$ .
1 $1\leq\gamma_{1},$ $\gamma_{2}$ . ,
$T_{n}:=\tilde{\theta}_{n,\text{ },\epsilon}+\eta\epsilon(-1<\eta<1)$ 11 $\theta’=\theta+2\epsilon,$ $\theta’’=\theta+(1-\eta)\epsilon$
(58) .
(A 5) $1\leq\gamma_{1},$ $\gamma_{2}$ .
$\sup$ { $\min\{\beta^{-}(\tau,$ $\theta,$ $\theta-\epsilon),$ $\beta^{+}(T,$ $\theta,$ $\theta+\epsilon)\}|T$ : } $= \sup_{0<s<1}Is(F_{\theta+}2\epsilon||F_{\theta})$ .
$\epsilonarrow+0$ .
$\lim\underline{1}\sup$ { $\min\{\beta^{-}(\tau,$ $\theta,$ $\theta-\epsilon),$ $\beta^{+}(T,$ $\theta,$ $\theta+\epsilon)\}|T$ : } $= \lim_{\epsilonarrow+0}\frac{1}{g(\epsilon)}\sup_{0<S<1}I^{S}(F_{\theta+}2\epsilon||F_{\theta})$ .
$\epsilonarrow+0g(\epsilon)$
(61)
(61) , ( 7 )
(A 4) (A 3) 2 .
(A 4) $\epsilon>0$
.
$\epsilon 0\lim\frac{1}{\epsilon}\sup$ { $\min\{\beta^{-}(T,$ $\theta,$ $\theta-\epsilon),$ $\beta^{+}(\tau,$ $\theta,$ $\theta+\epsilon)\}|T$ : } $=2 \max\{f(a), f(b)\}$ (62)
$\sup\{\lim_{\epsilonarrow+0}\frac{1}{\epsilon}\min\{\beta^{-}(T, \theta, \theta-\epsilon), \beta+(\tau, \theta, \theta+\epsilon)\}|T:\text{ }\}=f(a)+f(b)$ . (63)
(A 3) (62),(63)
.
$\lim_{\epsilonarrow+0}\frac{1}{\epsilon^{2}}\sup$ { $\min\{\beta^{-}(T,$ $\theta,$ $\theta-\epsilon),$ $\beta^{+}(\tau,$ $\theta,$ $\theta+\epsilon)\}|T$ : } $= \frac{J_{f}}{2}$ (64)
$\sup\{\lim_{\epsilonarrow+0}\frac{1}{\epsilon^{2}}\min\{\beta^{-}(T, \theta, \theta-\epsilon), \beta+(\tau, \theta, \theta+\epsilon)\}|T:\text{ }\Re\xi \text{ }\}=\frac{J_{j}}{2}$ . (65)
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(A 5) $\gamma_{1}=\gamma_{2}=2$ , (A 3)
– .
33 2
(A 4) 2 .
$\mathrm{F}\mathrm{u}[4]$ , . - , 2
$\mathrm{A}\mathrm{k}\mathrm{a}\mathrm{h}\mathrm{i}\mathrm{r}\mathrm{a}[1]$ .
1 $T=\{T_{n}\}$ 2 $h$ (66) 2 $h$ $h(T, \theta)$
.
$\lim_{\epsilonarrow 0}\frac{\beta(T,\theta,\epsilon)-h(\epsilon)}{\epsilon^{2}}=0$ . (66)
(66) 2 $h$ – . $h(T, \theta)$ – . $h^{+}(T, \theta),$ $h^{-}(T, \theta)$
. $T=\{T_{n}\}$ (66) $\theta_{0}$ – 2 $\mathrm{L}\mathrm{D}$
. $T=\{T_{n}\}$ 2 $\mathrm{L}\mathrm{D}$
$\lim_{\thetaarrow\theta_{0}}h(T, \theta)=h(T, \theta_{0})$
2 $\mathrm{L}\mathrm{D}$ . ( )2 $\mathrm{L}\mathrm{D}$ (
)2 $\mathrm{L}\mathrm{D}$ .
, $\beta^{+}$ $\beta^{-}$ trade-off 2 trade-off
, .
3 (A 4) $f(a)=f(b)$ . $T=\{T_{n}\}$ 2 $\mathrm{L}\mathrm{D}$
.
$h(T, \theta)(x)\leq\{$
$2f(a)x+2(f(a)^{2}+f’(a))X^{2}$ if $J_{f}\neq 0$ , $\frac{j_{f}+f’(a)+f\prime(b)}{2J_{f}}>1$
$2f(a)x+2(f(a)^{2}-f;(b)+ \frac{(^{j_{f}+}f\prime(a)+f^{l}(b))^{2}}{J_{f}})x^{2}$ if $J_{f}\neq 0$ , $0 \leq\frac{J_{f}+f’(a)+f’(b)}{2J_{f}}\leq 1$
$\forall x>0$ .
$2f(a)x+2(f(a)2-f’(b))X^{2}$ if $J_{f}\neq 0$ , $\frac{J_{f}+f’(a)+f\prime(b)}{2J_{f}}<0$
$2f(a)x+2(f(a)^{2}+ \min\{f’(a), -f’(b)\})X^{2}$ if $J_{f}=0$
(67)




$2f(a)x+2(f(a)^{2}+f’(a))x^{2}$ if $J_{f}\neq 0$ , $\frac{J_{f}+f’(a)+f\prime(b)}{2J_{f}}>1$
$2f(a)x+2(f(a)^{2}-f’(b)+ \frac{(^{j_{f}}+f\prime(a)+f\prime(b))2}{J_{f}})x^{2}$ if $J_{f}\neq 0$ , $0 \leq\frac{J_{f}+f’(a)+f\prime(b)}{2J_{f}}\leq 1$
$2f(a)x+2(f(a)2-f’(b))X^{2}$ if $J_{f}\neq 0$ , $\frac{J_{f}+f’(a)+f\prime(b)}{2J_{f}}<0$








$h( \check{\theta}(\frac{1}{2}),$ $\theta)(x)=2f(a)x+2(\min\{f’(a), -f’(b)\}+f^{2}(a))X^{2}$ , $\forall x>0$ .
$J_{f}=0$ ( – ) (67) .
$J_{f}\neq 0$ (67) . $\mathrm{A}\mathrm{k}\mathrm{a}\mathrm{h}\mathrm{i}\mathrm{r}\mathrm{a}[1]$ ,
$\overline{\theta}$
$\underline{\theta}$ , 2 . $\check{\theta}(\frac{1}{2})$
.
3.4 LD
\S 3.1 $\mathrm{L}\mathrm{D}$ Ibragimov and Has’minskii [3]
. [13] . (A 1)
( ) Bahadur [5] Kullback- Leibler divergence
. , MSE
. , support divergence
divergence .
. \S 3.1
LD . Ibragimov and
Has’minskii [3] 1 . 1 \S 3.1
$\mathrm{L}\mathrm{D}$ .
1 . $f_{\theta}(x)$ $\{p_{\theta}|\theta\in \mathbb{R}\}$ .
$f_{\theta}(_{X)}:=\{$
1, $| \theta-x|<\frac{1}{2}$
$0$ , $| \theta-x|\geq\frac{1}{2}$ .
$X_{1},$
$\ldots,$
$X_{n}$ $P\theta$ . $\check{\theta}(\frac{1}{2})$ LD










$=-\log(1-2\epsilon)$ , if $2\epsilon\leq\theta$
$\geq-\log(1-2\epsilon)$ , if $0<\theta<2\epsilon$
$=\infty$ , if $\theta=0$
$\geq-\log(1-2\epsilon)$ , if $-\epsilon<\theta<0$
$=-\log(1+\theta)$ , if $-2\epsilon<\theta\leq-\epsilon$
$=-\log(1-2\epsilon)$ , if $\theta\leq-2\epsilon$ .
(35) – 9 $g(x)=|x|$ .
$\alpha^{+}(g,\overline{\theta}(\frac{1}{2})’,$ $\theta)=\{$
$\infty$ if $\theta=0$
2 if $\theta\neq 0$ .
(68)
.





2if $\theta\neq 0$ .
(69)
1 $\mathrm{L}\mathrm{D}$ $\overline{\theta}(\frac{1}{2})’$ (54) $,(55),(68)$ (69) $\alpha(x,\overline{\theta}(.\frac{1}{2})’,$ $\theta)$
, $\check{\theta}(\frac{1}{2})$ , .
, $\alpha(g, T, \theta)$ $\beta(T, \theta, \epsilon)$ $\epsilon>0$
. , $T’$ $T$
. , $\theta\in\ominus,$ $\epsilon>0$ $\beta(\tau’, \theta, \epsilon)\geq\beta(T, \theta, \epsilon)$ $T’$ $T$
.
– $\epsilon>0$ $\beta(T, \theta, \epsilon)$
– . $\alpha(g, T, \theta)$ .
$\mathrm{L}\mathrm{D}$
$\beta(T, \theta, \theta+\epsilon)$ .
$\ominus$ Oo . $\theta\in\Theta_{0}$
$\alpha(\mathit{9}, T’, \theta)\geq\alpha(g, T, \theta)$ $\delta>0$ $\epsilon_{0}>0$ .
$\beta(T’, \theta, \epsilon)+\delta g(\epsilon)\geq\beta(\tau, \theta, \epsilon)$ , $\epsilon_{0}>\epsilon>0,$ $\theta\in\ominus_{0}$ (70)
$\mathrm{L}\mathrm{D}$ $\alpha(g, T, \theta)$ $\beta(T, \theta, \epsilon)$
.
$\mathrm{L}\mathrm{D}$ , $\theta\in$ Oo – $\epsilon_{0}$ . $>0$
$\alpha(g, T, \theta)$ $\beta(T, \theta, \epsilon)$ . 1
$\check{\theta}(\frac{1}{2})’$ $\mathrm{L}\mathrm{D}$ , $\alpha$ $\beta$
. , $\alpha$ $\overline{\theta}(\frac{1}{2})’$ $\overline{\theta}(\frac{1}{2})$ $\overline{\theta}(\frac{1}{2})’$
. ,\alpha (g, $T,$ $\theta$) , LD
. 2 [3].
2 $f(x)$ (A 3) . $\hat{\theta}_{ML}:=\{\hat{\theta}_{ML,n}\}$
$g(x)=x^{2}$ .
$\alpha(g,\hat{\theta}_{ML}, \theta)=\lim\lim_{n\epsilonarrow 0arrow\infty}\frac{\beta(\hat{\theta}_{ML},\theta,\epsilon)}{\epsilon^{2}}=\frac{J_{f}}{2}$ . (71)
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(41) . , , (71)







$\infty$ , if $\theta=0$
$\underline{J}_{\mathrm{A}}2$
’ if $\theta\neq 0$ .
(72)





\S 3.1 trade-off .
$\vec{a}:=\{a_{n}\}$ $T$ $P(\vec{a}, T, \theta)(x, y)$ .
$P( \vec{a}, T, \theta)(X, y):=\lim_{narrow\infty}p_{\theta}^{n}(\theta+y/a_{n}\geq T_{n}\geq\theta+x/a_{n})$ .
$P(\vec{a}, \tau, \theta)(x, y)$ $\mathbb{R}$ $P(\vec{a}, \tau, \theta)$ . $\vec{a}$ $T$
$\theta$ a\rightarrow - .
$P( \vec{a},,T, \theta)(x-\epsilon, y-\epsilon)=\lim_{narrow\infty}p_{\theta+\epsilon/a_{n}}^{n}(\theta+y/a_{n}\geq T_{n}\geq\theta+x/an)$ .
14 $T$ $\theta$ . .
$I^{s}(P( \vec{a}, T, \theta)||P(\vec{a}, T, \theta)\epsilon)\leq\lim_{narrow\infty}I^{S}(p^{n}\theta||p\theta+\epsilon/a_{n})n$ .
15 $\vec{a}$ $0<s<1$ .
$\lim_{narrow\infty}I^{s}(p^{n}\theta||p\theta+\epsilon/an)n=0$ .
$\theta$ .
$\vec{a}=\{a_{n}\}$ , $T$ $\theta$ a\rightarrow - .
$0< \lim_{narrow\infty}I^{S}(p_{\theta}|n|p\theta+\epsilon/a_{n})n<\infty$ for $0<\forall s<1$ .
$\alpha^{+}(\vec{a}, g, \tau, \theta),$ $\alpha-(\vec{a}, g, T, \theta)$ .
$\alpha^{+}(\tilde{a}, g, T, \theta):=-\lim_{Larrow+\infty}\frac{\log P(\vec{a},\tau,\theta)(L,\infty)}{g(L)}$ , $\alpha^{-}(\vec{a}, g, T, \theta):=-\lim_{Larrow+\infty}\frac{\log P(\vec{a},T,\theta)(-\infty,-L)}{g(L)}$ .
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$(\alpha^{+}(\vec{a}, \mathit{9}, \tau, \theta), \alpha-(\vec{a}, g, \tau, \theta))$ $C(\vec{a}, g, \theta)$ ( (73) ) .
$C(\vec{a}, g, \theta):=$ { $(\alpha(+\vec{a},$ $g,$ $\tau,$ $\theta),$ $\alpha-(\vec{a},$ $g,$ $\tau,$ $\theta))|T$ : $\vec{a}$- } (73)
4 (A 2) , $\vec{a}=\{\sqrt{n}\},$ $g(L)=L^{2}$ , $C(\vec{a}, g, \theta)$ fig. 1
. (A 4) $\vec{a}=\{n\},$ $g(L)=L$ , $C(\vec{a}, g, \theta)$ fig. 2 ,







16 $t= \frac{\alpha^{-}(\vec{a},g,T,\theta)}{\alpha^{+}(\vec{a},g,T,\theta)}$ .
$\lim I^{s}(p_{\theta}^{n}||p_{\theta+/a}Ln)n$
$\lim_{Larrow\infty}\frac{narrow\infty}{g(L)}$




$= \inf_{\{s|0<S<1\}}\lim_{Larrow\infty}\frac{\lim_{narrow\infty}I^{S}(p_{\theta}|n|p_{\theta+L}^{n}/a_{n})}{\inf_{0\leq\eta\leq 1}(1-s)tg((1-\eta)L)+Sg(\eta L)}$. (75)
$g$ (74) .
$\alpha^{+}(\vec{a}, g, T, \theta)\leq\inf_{<\{s|0s<1\}}\frac{1}{\min\{s,(1-s)t\}}Larrow\lim\frac{narrow\infty}{g(L)}\infty$ .
$\lim I^{S}(p_{\theta}^{n}||p_{\theta+/a}Ln)n$
$m$ . $\epsilon>0$ $L_{0}>0$ .
$L\geq L_{0}$ .




$\leq\log((P(\vec{a}, T, \theta)(-\infty, \mathrm{o}))^{S}(P(\vec{a}, T, \theta)(-\infty, -L))^{1}-S+(P(\vec{a}, T, \theta)(L, \infty))^{s}(P(\vec{a}, T, \theta)(\mathrm{o}, \infty))^{1}-S$
$+ \sum_{i=1}^{m}(P(\vec{a}, \tau, \theta)(\frac{i-1}{m}L,$ $\frac{i}{m}L))^{s}(P(\vec{a}, T, \theta)(\frac{i-1-m}{m}L,$ $\frac{i-m}{m}L))^{1-s}\mathrm{I}$
$\leq\log((P(\vec{a}, T, \theta)(-\infty, -L))^{1-}\mathrm{s}+(P(\vec{a}, T, \theta)(L, \infty))^{s}+\sum_{i=1}^{m}(P(\vec{a}, T, \theta)(\frac{i-1}{m}L,$ $\infty))^{s}(P(\vec{a}, T, \theta)(-\infty,$ $\frac{i-m}{m}L))^{1}$
$\leq\log(\exp(1-s)(-\alpha^{-}(\vec{a}, g, T, \theta)g(L)+\epsilon)+\exp s(-\alpha^{+}(\vec{a}, g, T, \theta)g(L)+\epsilon)$
$+ \sum_{i=1}^{m}\exp(s(-\alpha^{+}(\vec{a}, g, T, \theta)_{\mathit{9}}(\frac{i-1}{m}L)+\epsilon)+(1-s)(-\alpha^{-}(\vec{a}, g, T, \theta)g(\frac{m-i}{m}L)+\epsilon)))$
$\leq\log((m+2)\exp(-\min_{1\leq i\leq m}S\alpha^{+}(\vec{a}, g, T, \theta)g(\frac{i-1}{m}L)+(1-S)\alpha^{-}(\vec{a}, g, T, \theta)g(\frac{m-i}{m}L)+\epsilon))$
$= \log(m+2)-(_{1\leq\leq m}\min_{i}s\alpha(+\vec{a}, \mathit{9}, \tau, \theta)_{\mathit{9}}(\frac{i-1}{m}L)+(1-S)\alpha^{-}(\vec{a}, g, T, \theta)g(\frac{m-i}{m}L))+\epsilon$ .
$g(L)$ $Larrow\infty$ .
$\lim_{Larrow\infty}\frac{\lim_{narrow\infty}I^{S}(p_{\theta}^{n}||p_{\theta+/a}Ln)n}{g(L)}\geq\lim_{Larrow\infty\overline{\mathit{9}()}}L^{\cdot}$




, $m$ $f$ .
$\lim_{Larrow\infty}\frac{\lim_{narrow\infty}I^{S}(p_{\theta}^{n}||p\theta+L/a_{n})n}{g(L)}\geq\lim_{Larrow\infty}\frac{\inf_{0\leq\eta\leq 1}s\alpha^{+}(\vec{a},g,\tau,\theta)g(\eta L)+(1-S)\alpha^{-}(\tilde{a},g,\tau,\theta)g((1-\eta)L)}{g(L)}$ .
$\alpha^{-}(\vec{a}, g, T, \theta)=t\alpha^{+}(\vec{a}, g, \tau, \theta)$ , .
$\lim_{Larrow\infty}\frac{\lim_{narrow\infty}I^{S}(p_{\theta}|n|p_{\theta L}+/a_{\mathfrak{n}})n}{g(L)}\geq\alpha^{+}(\vec{a}, g, T, \theta)\lim\frac{0\leq\eta\leq 1}{g(L)}Larrow\infty$.
inf $sg(\eta L)+(1-S)tg((1-\eta)L)$
, $0<s<1$ (74) .
8 .
17 (A 2) , $\vec{a}=\{\sqrt{n}\}$ ,
$\lim_{narrow\infty}I^{S}(p_{\theta}^{n}||p^{n}\theta+L/an)=\frac{s(1-s)}{2}J_{\theta}L^{2}$ .
. $g(x)=x^{2}$ $\{\sqrt{n}\}$ - $T$ .





(A 2) $\alpha^{+}(\vec{a}, g, T, \theta)$ $\alpha^{-}(\vec{a}, g, T, \theta)$ $C(\vec{a}, g, \theta)\subset\{(x, y)|x\leq$
$- J_{\Delta}2’ y \leq\frac{J}{2}L\}$ . $\alpha^{+}(\vec{a}, g, T, \theta)=\alpha^{-}(\vec{a}, g, T, \theta)=\frac{J}{2}\$ .
trade off . (A 2)
$C(\vec{a}, g, \theta)$ fig. 1 $-$ .
, 9 .
18 (A 5) . , (A 4) $\gamma_{1}=\gamma_{2}=1$
. $0<\gamma_{1}=\gamma_{2}<2$ $\vec{a}=\{n^{1/\gamma_{1}}\},$ $g(x)=x^{\gamma_{1}}$ . $\{\mathrm{n}^{1/\gamma_{1}}\}$ - $T$
. $0<\gamma_{1}=\gamma_{2}<1$ .
$\alpha^{+}(\vec{a}, g, T, \theta)\leq\frac{1-\gamma_{1}}{\gamma_{1}}(A_{1}B(\frac{t+\gamma_{1}}{1+t},1-\gamma 1)+A_{2}\frac{1}{t}B(\frac{1+t\gamma_{1}}{1+t},1-\gamma 1))$ . (77)
$\gamma_{1}=\gamma_{2}=1$ .
$\alpha^{+}(\vec{a}, g, T, \theta)\leq A_{1}+\frac{1}{t}A_{2}$ . (78)
$1<\gamma_{1}=\gamma_{2}<2$ .
$\alpha^{+}(a, g,)arrow T,\theta$
$\leq\inf_{<\{s|0s<1\}}\frac{A_{1}s(1-S(\gamma 1^{-}1))B(s+\gamma_{1(1S),-\gamma_{1}}-2)+A2(1-S)(1-(1-s)(\gamma 1-1))B(1-S+\gamma_{1}s,2-\gamma 1)}{\gamma 1\inf\{\eta|0\leq\eta\leq 1\}S\eta^{\gamma}1+(1-S)l(1-\eta)^{\gamma_{1}}}$.
(79)
$\gamma_{1}=\gamma_{2}=2$ $a_{n}=\sqrt{n\log n},$ $g(x)=x^{2}$ $\{\sqrt{n\log n}\}$ - $T$
.
$\alpha^{+}(\vec{a}, g, T, \theta)\leq\{$
$\frac{A+A}{4}$ $t<1$
$\underline{A}_{4arrow,4t}+A$ $t\geq 1$ .
(80)
$\gamma_{1}=\gamma_{2}>2$ 17 . $\gamma_{1}<\gamma_{2}$ $A_{2}$ $0$ .
$0<\gamma_{1}<2$ .
$\lim_{narrow\infty}I^{s}(p_{\theta}^{n}||p_{\theta+\frac{L}{n^{1/\gamma_{1}}}}^{n})=$
$\frac{1-\gamma_{1}}{\gamma_{1}}L^{\gamma_{1}}(A_{1}sB(s+\gamma_{1}(1-s), 1-\gamma 1)+A_{2}(1-S)B(1-s+\gamma_{1}s, 1-\gamma_{1}))$ $0<\gamma_{1}<1$
$(A_{1^{S+}}A2(1-S))L$ $\gamma_{1}=1$
$\frac{A_{1^{S}}(1-S(\gamma 1-1))B(s+\gamma_{1(1s),)(1-}-2-\gamma 1+A2s)(1-(1-S)(\gamma 2^{-1}))B(1-S+\gamma 2s,2-\gamma 2)}{\gamma_{1}}L^{\gamma_{1}}$ $1<\gamma_{1}<2$ .
16 , 9 $0<\gamma_{1}<2$
. $\gamma_{1}=2$ .
$\lim_{narrow\infty}I^{s}(p_{\theta}^{n}||p_{\theta+\frac{L}{\sqrt{n\log n}}}^{n})=\frac{(A_{1}+A_{2})S(1-s)}{2}\lim_{narrow\infty}-n(\frac{L}{\sqrt{n\log n}})^{2}\log\frac{L}{\sqrt{n\log n}}$
$= \frac{(A_{1}+A_{2})S(1-S)}{2}\lim_{narrow\infty}-\frac{L^{2}}{\log n}(\log L-\frac{1}{2}(\log n+\log\log n))=\frac{(A_{1}+A_{2})S(1-S)}{4}L^{2}$ .
16 , 8 , (80) .
bound .
Akahira and $\mathrm{T}\mathrm{a}\mathrm{k}\mathrm{e}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{i}[2]$ , (A 5) $\gamma_{2}=\gamma_{1}=2$ $\hat{\theta}$
$P(\{\sqrt{n\log n}\},\hat{\theta}, \theta)$ $\frac{2}{A_{1}+A_{2}}$ $t=1$ (80) .
(A 5) $\gamma_{2}=\gamma_{1}=2$ $C(\vec{a}, g, \theta)$ fig. 4 .
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$190<\gamma_{1}=\gamma_{2}<2,$ $a_{n}=n^{\frac{1}{\gamma 1}}$ . , .
$P(\tilde{a}, T, \theta)(-\infty, -L)\leq e^{-A_{2}L^{\gamma 1}}$ (81)
$P(\vec{a}, T, \theta)(L, \infty)\leq e^{-A_{1}L^{\gamma 1}}$ . (82)
(57) ,
$P( \vec{a}, T, \theta)(-\infty, -L)\leq\lim_{narrow\infty}(1$ $- \int_{b-}^{b}f(x)\frac{L}{(1-\lambda)n^{\overline{\gamma}}1}1dXn=e^{-A_{2}L^{\gamma 1}}$ (83)
(81) . (82) .
19 , 18 \S 3.1 $\overline{\theta}(\lambda)$ $\alpha^{+}(\vec{a}, g,\overline{\theta}(\lambda), \theta),$ $\alpha^{-}(\vec{a}, g,\overline{\theta}(\lambda), \theta)$
.
$\alpha^{+}(\vec{a}, g,\overline{\theta}(\lambda), \theta)\geq\frac{A_{1}}{\gamma_{1}\lambda^{\gamma_{1}}}$ , $\alpha^{-}(\vec{a}, g,\overline{\theta}(\lambda), \theta)\geq\frac{A_{2}}{\gamma_{1}(1-\lambda)^{\gamma 1}}$ .
$\gamma_{1}=\gamma_{2}$ , $a=arrow\{n^{1/\gamma_{1}}\},$ $g(x)=$ $\gamma_{1}$ . $\gamma_{1}=\gamma_{2}=1$ $\check{\theta}(\lambda)$
, (78) .
$\alpha^{+}(\vec{a}, g,\overline{\theta}(\lambda), \theta)=A_{1}(\frac{1-\lambda}{\lambda}+1)$ , $\alpha^{-}(\vec{a}, g,\check{\theta}(\lambda), \theta)=A_{2}(\frac{\lambda}{1-\lambda}+1)$ .
$\gamma_{1}=\gamma_{2}=1$ Order .




\S 3.2 . \S 3.2
,
. ,\S \S 32 $\mathbb{R}$ .
$\tilde{\theta}^{L}:=\{\tilde{\theta}_{0,n,L/an}\}$ ( ) . $\epsilon>0$ $d_{\epsilon}(x)$
$- \log\max\{P(\vec{a},\tilde{\theta}^{L}, \theta)(L, \infty),$ $P( \vec{a},\tilde{\theta}^{L}, \theta)(-\infty, -L)\}\geq\sup_{0<S<1n}\lim_{arrow\infty}I^{s}(F_{\theta}||F_{\theta})+\frac{2L}{a_{n}}$ (84)
.
(84) Markov $0<s<1$ $s$
$- \log p_{\theta}^{n}(\theta+L/a_{n}\leq\tilde{\theta}_{n}^{L})\geq I^{s}(F\theta||F_{\theta})+\frac{2L}{a_{n}}$ (85)
(85) Chernoff $[14, 15]$ . $P(\vec{a},\overline{\theta}^{L}, \theta)(L, \infty)$ $narrow\infty$
$- \log P(\vec{a},\tilde{\theta}^{L}, \theta)(L, \infty)\geq\lim_{narrow\infty}$ Is $(F_{\theta}||F_{\theta+\frac{2L}{a_{n}}})$
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. $s$ $\sup$ ,
$- \log P(\vec{a},\tilde{\theta}^{L}, \theta)(L, \infty)\geq\sup_{0<s<1n}\lim_{arrow\infty}I^{s}(F_{\theta}||F_{\theta+\frac{2L}{a_{n}})}$
.
$- \log P(\vec{a},\tilde{\theta}L, \theta)(-\infty, -L)\geq\sup_{0<S<1narrow\infty}\lim I^{s}(F_{\theta}||F_{\theta})+\frac{2L}{a_{n}}$
. (84) .
$Larrow+\infty$ (61) .
$\lim_{Larrow\infty\overline{g(}}\perp L)^{\sup}$ {-logmax $\{P(\vec{a},$ $T,$ $\theta)(L,$ $\infty),$ $P(\vec{a},$ $\tau,$ $\theta)(-\infty,$ $-L)\}|T$ : }
$= \lim-\wedge\sup$ $\lim I^{s}(F\theta||F_{\theta})+\frac{2L}{a_{n}}$ . (86)
$Larrow\infty \mathit{9}(L)_{0}\leq S\leq 1narrow\infty$
(86) $T$ $\tilde{\theta}^{L}$ (84) $\geq$ . $\leq$ . $L$
$L$ $n_{L}$ $n_{L}$ $T_{n_{L}}^{L}$ ( $L$ )
.
$|- \log p^{n}\theta L(\theta+L/a_{n}\leq T_{n_{L}}^{L})-\sup$ { $-\log P(\vec{a},$ $\tau,$ $\theta)(L,$ $\infty)|T$ : }| $< \frac{1}{Lg(L)}$
$|- \log p_{\theta}nL(T_{n_{L}}^{L}\leq\theta-L/a_{n})-\sup$ { $-\log P(\vec{a},$ $\tau,$ $\theta)(-\infty,$ $-L)|T$ : } $|< \frac{1}{Lg(L)}$
$|I^{s}(F_{\theta}||F_{\theta+\frac{2L}{a_{n_{L}}}})- \lim_{narrow\infty}$ IS $(F \theta||F_{\theta+\frac{2L}{a_{n}}})|<\frac{1}{Lg(L)}$ .
$\lim_{narrow\infty}Is(F_{\theta}||F_{\theta+\frac{2L}{a_{n}}})$ $0<s<1$ – .
$\lim_{Larrow\infty\overline{g(}}\log(-\perp L)\max\{p_{\theta}(nL\theta+L/a_{n}\leq T_{n_{L}}^{L}),p_{\theta}^{n}L(\tau^{L}n_{L}\leq\theta-L/a_{n})\})$
$= \lim_{Larrow\infty}\frac{-1}{g(L)}\sup$ { $\log(\max\{P(\vec{a},$ $T,$ $\theta)(L,$ $\infty),$ $P(\vec{a},$ $\tau,$ $\theta)(-\infty,$ $-L)\})|T$ : },
$\lim_{Larrow\infty g}-\sup_{s<}$ IS$(F_{\theta} \overline (L) _{0<1}||F_{\theta})+\frac{2L}{a_{n_{L}}}=\lim_{\mathit{9}Larrow\infty}-\sup_{s0<<1}\lim_{arrow}\overline{(L)}n\infty I^{s}(F_{\theta}||F_{\theta})+\frac{2L}{a_{n}}$
. 4 $r=0$ .
$\lim_{Larrow\infty}\frac{-1}{g(L)}\log(\max\{p_{\theta}^{n_{L}}(\theta+L/a_{n}\leq T_{n_{L}}^{L}),p^{n_{L}}\theta(T_{n_{L}}^{L}\leq\theta-L/a_{n})\})\leq\lim_{Larrow\infty}\frac{1}{g(L)}\sup I^{S}0<s<1(F_{\theta}||F_{\theta})+\frac{2L}{a_{n_{L}}}$ .
(86) $\square$
(86) 16 (A 4) (A 5) $\gamma_{1}=\gamma_{2}=2$
(A 3) 3 .
$\mathrm{c}$
, (A 4) $\epsilon>0$
. $\vec{a}$ $\{n\}$ .
$\lim_{L\infty}\frac{1}{L}\sup$ { $- \log(\max\{P(\vec{a})\tau,$ $\theta)(L,$ $\infty),$ $P(\vec{a},$ $\tau,$ $\theta)(-\infty,$ $-L)\})|\tau$ : } $=2 \max\{f(a), f(b)\}$
(87)
$\sup\{\lim_{L\infty}\frac{-1}{L}\log(\max\{P(\vec{a}, \tau, \theta)(L, \infty), P(\vec{a}, T, \theta)(-\infty, -L)\})|T$ : \exists k‘$\text{ }\}=f(a)+f(b)$ . (88)
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(A 5) $\gamma_{1}=\gamma_{2}=2$ (87),(88) . $a\sim$
$\{\sqrt{n\log n}\}$ .
$\lim_{Larrow+\infty}\frac{1}{L^{2}}\sup$ { $- \log(\max\{P(\vec{a},$ $\tau,$ $\theta)(L,$ $\infty),$ $P(\vec{a},$ $\tau,$ $\theta)(-\infty,$ $-L)\})|T$ : } $= \frac{A_{1}+A_{2}}{4}$ (89)
$\sup\{\lim_{Larrow+\infty}\frac{-1}{L^{2}}\log(\max\{P(\vec{a}, T, \theta)(L, \infty), P(\vec{a}, T, \theta)(-\infty, -L)\})|T:\text{ }\mathrm{f}\mathrm{f}\mathrm{l}\text{ }\}=\frac{A_{1}+A_{2}}{4}$. (90)
(90) (80) $\leq$ , $\hat{\theta}$ $P(\vec{a},\hat{\theta}, \theta)$ $\frac{2}{A_{1}+A_{2}}$
$\geq$ . , $T$ $\hat{\theta}$ (90) .
(A 3) (87),(88) . , $\vec{a}$ $\{\sqrt{n}\}$
.
$\lim_{Larrow+\infty}\frac{1}{L^{2}}\sup$ { $- \log(\max\{P(\vec{a},$ $\tau,$ $\theta)(L,$ $\infty),$ $P(\vec{a},$ $\tau,$ $\theta)(-\infty,$ $-L)\})|T$ : } $= \frac{J_{f}}{2}$ (91)
$\sup \mathrm{t}\lim_{Larrow+\infty}\frac{-1}{L^{2}}\log(\max\{P(\vec{a}, \tau, \theta)(L, \infty), P(\vec{a}, \tau, \theta)(-\infty, -L)\})|T:\text{ }oe\text{ }\}=\frac{J_{f}}{2}$ . (92)




. 1 (8) $(9)$ Fisher
. , , .










. , $\mathrm{A}\mathrm{k}\mathrm{a}\mathrm{h}\mathrm{i}\mathrm{r}\mathrm{a}[1]$ ,
2 1 .
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(A 3) (19) (20) . (A 3) .
$\overline{I}_{S^{-(c,f,\epsilon)}}$
$\cong_{\epsilon^{2}arrow+0}\int_{a}^{c}(f(x)+f^{1}-s(S)(f^{s})’(x)\epsilon+f^{1}-s(s)(f^{S})\prime l(x)\frac{\epsilon^{2}}{2})dx$




$= \int_{c}^{b}f(x)dx-f(c)\epsilon S-f^{l}(_{C})s\frac{\epsilon^{2}}{2}+\frac{s(s-1)}{2}(\int_{\text{ }^{}b}f^{-1}(X)(fl(X))2dX)\epsilon^{2}$ . (94)
(19) (20) .




$= \int_{a}^{\text{ }}f(x)d_{X}+f(C)\epsilon s+f’(C)S\frac{\epsilon^{2}}{2}-f(a)s\epsilon+(\frac{s(s-1)}{2}\int_{a}^{C}f^{-1}(x)(f’(X))^{2}dx-\frac{s}{2}f’(a))\epsilon 2$ . (95)









$+f(b)(_{S}-1) \epsilon.+f’(b)(1-S)\frac{\epsilon^{2}}{2}+(\int_{c}^{b}f^{-1}(x)(f;)2(_{X)}dx\mathrm{I}\frac{s(s-1)}{2}\epsilon^{2}$ . (96)
104
(22) .
(A 5) (23) (24) . $\delta$ $0<\delta<c-a$
. $1>\gamma_{1}>0$ $\tilde{I}_{S}^{-}(c, f, \epsilon)$ . .
$\tilde{I}_{S^{-(c,f,\epsilon)}}$
$\cong_{\epsilon^{2}arrow+}0\int_{a+\delta}^{C}(f(x)+f^{1-s}(x)(f^{S})l(X)\epsilon+f^{1}-s(x)(fs)\prime\prime(X)\frac{\epsilon^{2}}{2})dx+\int_{a}^{a+\delta}f^{1S}-(x)f^{s}(x+\epsilon)d_{X}$
$= \int_{a}$ $f(x)dx+( \int_{a+}$ $\delta f’(x)dx)s\epsilon+\frac{s(s-1)}{2}(\int_{a+}^{c_{\delta}}f-1(x)(fl(x))^{2}dx)\epsilon 2+\frac{s}{2}(\int_{a+\delta}^{C}f’’(X)d_{X)}\epsilon^{2}$
$+ \int_{a}^{a+\delta}(f^{1-s}(x)f^{s}(x+\epsilon)-f(x))dx$




$+ \int_{a}^{a+\delta}\int_{0}^{\epsilon}f^{1s}-(x)(f^{s})’(_{X}+y)dydx$ . (97)




$= \int_{0}^{\epsilon}\int_{0}^{\frac{\delta}{y}}Z\gamma_{1}-2(1+\frac{1}{z})^{(}\gamma 1-1)(1-s)+\gamma 1-2dzy^{\gamma_{1}-1}dy$
$= \int_{0}^{\epsilon}B(\gamma_{1}+s-\gamma_{1}s, 1-\gamma_{1})y\gamma_{1}-1-\int_{\frac{\delta}{y}}^{\infty}z^{\gamma_{1}-2}(1+\frac{1}{z})(\gamma_{1}-1)(1-s)+\gamma 1-2dzy^{\gamma_{1}-1}dy$
$\cong_{\epsilon^{2}arrow+}0\frac{B(\gamma_{1}+s-\gamma_{1}s,1-\gamma_{1})}{\gamma_{1}}\epsilon^{\gamma_{1}}-\int_{0}^{\epsilon}\int_{\frac{\delta}{y}}^{\infty}Z\gamma_{1}-2(1+((\gamma_{1}-1)(1-S)+\gamma 1-2)\frac{1}{z})dzy^{\gamma_{1}-1}dy$
$= \frac{B(\gamma_{1}+s-\gamma_{1}s,1-\gamma_{1})}{\gamma_{1}}\epsilon^{\gamma_{1}}+\frac{1}{\gamma_{1}-1}\delta^{\gamma_{1}-1}\epsilon-\frac{(\gamma_{1}-1)(_{S}-1)+2-\gamma_{1}}{2(\gamma_{1}-2)}\delta\gamma_{1}-2\epsilon 2$ . (98)




$+ \frac{A_{1}s(\gamma_{1}-1)}{\gamma_{1}}B(\gamma_{1}+S-\gamma_{1}s, 1-\gamma_{1})\epsilon^{\gamma 1}+(\frac{s(s-1)}{2}(\int_{a+\delta}^{C}f^{-1}(X)(f’(X))2d_{X}+\frac{A_{1}(\gamma_{1}-1)2}{\gamma_{1}-2}\delta\gamma_{1}-2))\epsilon^{2}$.
(99)
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$\gamma_{1}=1$ $\tilde{I}_{s}^{-}(c, f, \epsilon)$ . (95) $\text{ }$’ .
$\tilde{I}_{S^{-(c,f,\epsilon)}}$
$\cong_{\epsilon^{2}arrow+}0\int_{a}^{C}f(X)dx+\epsilon sf(C)+\frac{\epsilon^{2}}{2}sf’(C)-A1S\epsilon+(\frac{s(s-1)}{2}\int_{a}^{C}f^{-1}(x)(f’(X))2d_{X})\epsilon 2$ . (100)






$+ \frac{s(1-S)}{2}(\int_{a+\delta}^{c}f^{-}1(x)(f’(x))^{2}d_{X})\epsilon 2+\int_{a}^{a+\delta}\int_{0}^{\epsilon}\int_{0}^{y_{1}}f^{1-s}(x)(f^{S})\prime\prime(x+y_{2})dy_{2}dy_{1}dX$ . (101)





$= \int_{0}^{\epsilon}\int^{y_{1}}\mathrm{o}(B(2-\gamma_{1}, (1-s)(\gamma_{1}-1)+1)-\int^{\infty}\frac{\delta}{y2}z-s-((1)(\gamma_{1}1)Z+1)^{s}(\gamma 1-1)-2d_{Z)\gamma 1}y_{2}d-2y2dy_{1}$
$=B(2- \gamma 1, (1-s)(\gamma_{1}-1)+1)\frac{1}{\gamma_{1}(\gamma_{1}-1)}\epsilon^{\gamma}-\int_{0}\epsilon\int_{0}y1\int_{\frac{\delta}{y2}}\infty Z^{\gamma_{1}-3}(1+\frac{1}{z})^{S}(\gamma_{1}-1)-2d_{Z}y^{\gamma-2}2y1d2dy1$
$\cong_{\epsilon^{2}arrow 0}B(2-\gamma 1, (1-s)(\gamma_{1}-1)+1)\frac{1}{\gamma_{1}(\gamma_{1}-1)}\epsilon-\gamma\int_{0}^{\epsilon}\int_{0}^{y_{1}}\int_{\frac{\delta}{y2}}^{\infty}Z^{\gamma_{1}3}-d_{Z}y_{2}d\gamma 1-2y2dy1$
$=B(2- \gamma_{1}, (1-s)(\gamma_{1}-1)+1)\frac{1}{\gamma_{1}(\gamma_{1}-1)}\epsilon^{\gamma}-\frac{1}{2(\gamma_{1}-2)}\delta\gamma 1-2\epsilon 2$ . (102)
(101) (102) $1<\gamma_{1}<2$ .
$\overline{I}_{S^{-(c,f,\epsilon)}}$
$\cong_{\epsilon^{2}arrow+0}\int_{a}^{c}f(x)dX+f(C)s\epsilon+f’(C)\frac{s}{2}\epsilon^{2}$
$+ \frac{A_{1}s(\gamma 1-1)(S(\gamma_{1}-1)-1)}{\gamma_{1}(\gamma_{1}-1)}B(2-\gamma_{1}, (1-s)(\gamma_{1}-1)+1)\epsilon^{\gamma}$
$+( \frac{s(s-1)}{2}(\int_{a+\delta}^{c}f^{-}1(x)(f’(x))^{2}dX+\frac{A_{1}(\gamma_{1}-1)^{2}}{\gamma_{1}-2}\delta^{\gamma_{1}-2)})\epsilon^{2}$ . (103)
106








(105) , , – [19] p.225 .
$\frac{1}{A_{1}s(s-1)}\int_{a}^{a+\delta}\int_{0}^{\epsilon}\int_{0}^{y_{1}}f^{1-}S(_{X})(fs)\prime\prime(x+y_{2})dy2dy1d_{X}$
$\cong_{\epsilon^{2}arrow 0}\int_{0}^{\epsilon}\int_{0}^{y}1\log\delta-\log y2-Eu-\psi(2-s)dy2dy_{1}$
$=- \frac{1}{2}\epsilon^{2}\log\epsilon+\frac{1}{2}(\log\delta+\frac{3}{2}-E_{u}-\psi(2-S))\epsilon 2$ (106)





$\gamma>2$ (93) (23) .
(24) $\tilde{I}_{s}^{+}(c, f, \epsilon)$ . .
$\tilde{I}_{s}^{+}(C, f, \epsilon)$
$\cong_{\epsilon^{2}arrow+0}\int_{c}^{b-\delta}f(x)+\epsilon f^{1-s}(X)(f^{S})’(X)+\frac{\epsilon^{2}}{2}f^{1-s}(x)(f^{S})’’(x)dX+\int_{b\delta}^{b-\epsilon}-f1-S(x)f^{s}(x+\epsilon)dx$ . (108)
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$= \int_{b-\delta\epsilon}^{b}+Xf^{s}()\int_{-\epsilon}^{0}(f^{1-}s)’(x+y)dydx+\int$ $bf(x)d_{X}- \int_{b\delta}^{b-\delta+\epsilon}-f(X)dx$
$+( \int_{c}^{b-\delta}f’(x)dX)s\epsilon+(\frac{s(s-1)}{2}\int_{c}^{b}-\delta\int(s-1)f-1(\chi)(f’(X))^{2}dX+\frac{s}{2}f’;(\text{ }b-\delta x)dX)\epsilon^{2}$
$= \int_{b-\delta\epsilon}^{b}+XfS()\int_{-\epsilon}^{0}(f1-S)’(x+y)dydx+\int_{c}^{b}f(x)dx-\int_{b\delta}^{b-\delta+\epsilon}-f(X)dx$
$+(f(b- \delta)-f(C))s\epsilon+(j’(b-\delta)-f^{l}(C))\frac{s}{2}\epsilon^{2}+\frac{s(s-1)}{2}(\int_{\text{ }^{}b-\delta}f^{-1}(x)(f’(x))^{2}dx)\epsilon^{2}$ . (109)
1 $z= \frac{x}{y}$ .
$\frac{1}{A_{2}(1-S)(\gamma_{2}-1)}\int_{b\delta+\epsilon}^{b}-(_{X)}fs\int_{-\epsilon}^{0}(f^{1-}s)’(x+y)dydx$
$= \int_{-}^{0}\delta+\epsilon\int_{-\epsilon}^{0}\frac{(-X)^{s}(\gamma_{2}-1)}{(-x-y)s(\gamma 2^{-1})+2-\gamma 2}dydX$
$= \int_{-\epsilon}^{0}\int_{-\delta \text{ }^{}0}$ $\frac{(-x)^{s()}\gamma_{2}-1}{(-x-y)^{S()}\gamma_{2}-1+2-\gamma 2}dxdy$
$= \int_{0}^{\epsilon}’\int_{0}^{\delta-\epsilon}\frac{x^{s(\gamma_{2}-1)}}{(x+y)^{S(}\gamma 2^{-1})+2-\gamma 2}dXdy$
$= \int_{0}^{\epsilon}\int_{0}^{\frac{\delta-\epsilon}{y}}\frac{z^{s(\gamma_{2}-1)}}{(z+1)S(\gamma 2-1)+2-\gamma 2}y^{\gamma_{2^{-1}}}d_{Zdy}$
$= \int_{0}^{\epsilon}(B(s(\gamma_{2}-1)+1,1-\gamma 2)-\int_{\frac{\delta-\epsilon}{y}}\infty\frac{z^{s(\gamma 2}-1)}{(z+1)^{s}(\gamma_{2}-1)+2-\gamma 2}dz\mathrm{I}^{y^{\gamma 1}}2^{-}dy$
$= \int_{0}^{\epsilon}(B(s(\gamma_{2}-1)+1,1-\gamma 2)-\int_{\frac{\delta-\epsilon}{y}}\infty\gamma 2z-2(1+\frac{1}{z})-s(\gamma 2-1)+\gamma 2^{-}2d_{Z}\mathrm{I}^{y^{\gamma}dy}2-1$
$\cong_{\epsilon^{2}arrow 0}\int_{0}^{\epsilon}(B(S(\gamma 2-1)+1,1-\gamma 2)-\int_{\frac{\delta-\epsilon}{y}}^{\infty}Z-22+\gamma(-S(\gamma 2-1)+\gamma_{2}-2)z^{\gamma_{2}-}dz\mathrm{I}^{y^{\gamma 2}}3-1dy$
$=B(s( \gamma_{2}-1)+1,1-\gamma 2)\frac{1}{\gamma_{2}}\epsilon^{\gamma_{2}}+\frac{(\delta-\epsilon)^{\gamma-1}2}{\gamma_{2}-1}\epsilon+\frac{(-s(\gamma_{2}-1)+\gamma_{2}-2)(\delta-\epsilon)^{\gamma_{2}-}2}{2(\gamma_{2}-2)}\epsilon^{2}$
$\cong_{\epsilon^{2}arrow 0}B(s(\gamma 2-1)+1,1-\gamma 2)\frac{1}{\gamma_{2}}\epsilon^{\gamma}+2\frac{\delta^{\gamma_{2}-1}}{\gamma_{2}-1}\epsilon+(\frac{(-s(\gamma 2^{-}1)+\gamma 2-2)\delta^{\gamma}2-2}{2(\gamma_{2}-2)}-\delta^{\gamma_{2}-2)\epsilon}2$




$f’(b- \delta)\frac{s}{2}\epsilon^{2}=-A_{2}(\gamma_{2}-1)\delta^{\gamma}2-2$ . (113)
(109) $(110),(111),(112)$ (113) .
$\tilde{I}_{s}^{+}(C, f, \epsilon)$
$\cong_{\epsilon^{2}arrow+0}\int_{c}^{b}f(X)dx-f(c)s\epsilon-f’(C)\frac{s}{2}\epsilon^{2}$
$+B(s( \gamma 2-1)+1,1-\gamma 2)\frac{A_{2}(1-s)(\gamma 2-1)}{\gamma_{2}}\epsilon^{\gamma 2}+(\int_{c}^{b-\delta}f-1(_{X})(f’(_{X}))2dx+\frac{A_{2}(\gamma_{2}-1)2}{\gamma_{2}-2}\delta^{\gamma}2-1)\frac{s(s-1)}{2}\epsilon^{2}$ .
(114)
$\gamma_{2}=1$ $\tilde{I}_{s}^{+}(c, f, \epsilon)$ . (96) .
$\tilde{I}_{s}^{+}(C, f, \epsilon)$
$\cong_{\epsilon^{2}arrow 0}\int_{c}^{b}f(X)d_{X}-f(c)S\epsilon-f’(C)\frac{s}{2}\epsilon 2+A_{2}(s-1)\epsilon+(\int_{c}^{b}f^{-1}(X)(f’)2(X)dx)\frac{s(s-1)}{2}\epsilon^{2}$ . (115)
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$- \int_{b-\delta\epsilon}^{b}+Xf^{s}()\int_{-\epsilon}^{0}\int_{0}^{y_{1}}(f^{1-s})^{l\prime}(x+y_{2})dy_{2}dy_{1}dx-f(b)(1-s)\epsilon+f’(b-\delta)\frac{1-s}{2}\epsilon^{2}$ . (116)
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$1<\gamma_{2}<2$ (102) $z= \frac{x}{y_{2}}$ .
$\frac{1}{A_{2}(1-S)(\gamma 2-1)((1-S\rangle(\gamma_{2}-1)-1)}\int_{b\delta+\epsilon}^{b}-f^{s}(_{X)}\int_{-\epsilon}^{0}\int_{0}^{y}1X(f^{1-S})^{\prime l}(+y2)dy_{2}dy1dx$
$\cong\int_{0}^{\delta}\int_{0}^{\epsilon}\int_{0}^{y_{1}}\frac{x^{s(\gamma 2}-1)}{(x+y_{2})2-(1-s)(\gamma 2^{-}1)}dy_{2}dy_{1}dx$
$= \int_{0}^{\epsilon}\int_{0}^{y_{1}}\int_{0}^{\frac{\epsilon}{y2}}\frac{z^{s(\gamma_{2^{-}}1)}}{(z+1)^{2}-(1-s)(\gamma 2-1)}d_{Z}y_{2}^{\gamma 2^{-2}}dy2dy1$
$\cong_{\epsilon^{2}arrow}B0(2-\gamma 2, S(\gamma_{2}-1)+1)\frac{1}{\gamma_{2}(\gamma_{2}-1)}\epsilon^{\gamma}-\frac{1}{2(\gamma_{2}-2)}\delta^{\gamma_{2}-2}\epsilon^{2}$ . (117)
$1<\gamma_{2}<2$ (116) (117) .
$\tilde{I}_{s}^{+}(c, f, \epsilon)$
$\cong_{\epsilon^{2}arrow 0}\int_{a}^{c}f(x)d_{X}-f(_{C})S\epsilon-f’(_{C})\frac{s}{2}\epsilon^{2}$ .
$+ \frac{A_{2}(1-S)(\gamma 2-1)((1-S)(\gamma_{2}-1)-1)}{\gamma_{2}(\gamma_{2^{-}}1)}B(2-\gamma 2, S(\gamma_{2^{-}}1)+1)\epsilon\gamma$
$+( \frac{s(s-1)}{2}(\int_{C}^{b\delta}-f^{-1}(x)(f’(x))^{2}dx+\frac{A_{2}(\gamma_{2}-1)^{2}}{\gamma_{2}-2}\delta^{\gamma_{2}-}2))\epsilon^{2}$. (118)




$\cong_{\epsilon^{2}arrow 0}-\frac{1}{2}\epsilon^{2}\log\epsilon+\frac{1}{2}(\log\delta+\frac{3}{2}-Eu-\psi(1+s))\epsilon^{2}$ . (119)





$\gamma>2$ (94) (24) .
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